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Abstract
Let Mi and Ni be path-connected locally uniquely geodesic metric spaces
that are not points and f :
∏m
i=1Mi →
∏n
i=1Ni be an isometry where
∏n
i=1Ni
and
∏m
i=1Mi are given the sup metric. Then m = n and after reindexing Mi
is isometric to Ni for all i. Moreover f is a composition of an isometry that
reindexes the factor spaces and an isometry that is a product of isometries
fi :Mi → Ni.
1 Introduction
For the duration a product
∏m
i=1Mi of metric spaces is always considered to be
endowed with the sup metric. In these metric spaces there are two obvious types of
isometries f :
∏m
i=1Mi →
∏m
i=1Mi. The first is a product f = f1 × · · · × fm where
fj : Mj →Mj is an isometry. The second is a reindexing of the form
g(α1, . . . , αm) = (αpi−1(1), . . . , αpi−1(m))
for some permutation pi of {1, . . . ,m}. This leads to the following definition.
Definition 1.1. An isometry f :
∏m
i=1Mi →
∏m
i=1Ni is reducible if there is a per-
mutation pi of {1, 2, . . . ,m} and isometries fi : Mi → Npi(i) such that
f(α1, . . . , αm) = (fpi−1(1)(αpi−1(1)), . . . , fpi−1(m)(αpi−1(m))).
The main result states that in certain cases all isometries are reducible.
Main Theorem. Suppose Mi and Ni are path-connected locally uniquely geodesic
metric spaces that are not points with f :
∏m
i=1Mi →
∏n
i=1Ni an isometry. Then
m = n and f is reducible.
The heart of the proof lies in the fact that particular isometric embeddings of
a graph in the product space
∏m
i=1Mi are invariant under any isometry. This will
quickly lead to the number of factors in the product being an isometry invariant as
well as forcing f to take the aspect of a product map. A proof for the case where
m = 2 occurs in the appendix of [2], and a discussion of the background on geodesic
metric spaces can be found in [1].
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2 2 PROOF OF MAIN THEOREM
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2 Proof of Main Theorem
In this section we define a useful family of subsets of
∏m
i=1Mi. Utilizing the Main
Lemma, a proof of the Main Theorem is then provided.
Definition 2.1. A k-slice Ω is a subset of
∏m
i=1Mi of the form
α1 × · · · × αk−1 × Ωk × αk+1 × · · · × αm
where αi ∈Mi and Ωk ⊂Mk with |Ωk| ≥ 2. The αi are called the fixed coordinates of
Ω.
Main Lemma. Suppose that Mi and Ni are path-connected locally uniquely geodesic
metric spaces and f :
∏m
i=1Mi →
∏n
i=1Ni an isometry. If Ω ⊂
∏m
i=1Mi is a k-slice
then f(Ω) is a j-slice. Moreover Ω and Ω′ are both k-slices if and only if f(Ω) and
f(Ω′) are both j-slices.
In order to prove the Main Lemma and hence the Main Theorem the fact that
m = n for any isometry f :
∏m
i=1Mi →
∏n
i=1Ni is essential. However the proof of
this fact is more technical and will be postponed.
Proof. (of Main Theorem) Assuming m = n, let Φ ⊂ ∏mi=1Mi be a k-slice for k ∈
{1, . . . ,m}. By the Main Lemma the image f(Φ) is a j-slice for some j. The second
part of the Main Lemma gives more information namely that the image of any k-slice
Ω ⊂∏mi=1Mi will be a j-slice.
To complete the proof it suffices to show that if two points,
a = (α1, α2, . . . , αk−1, γ, αk+1, . . . , αm)
and
b = (β1, β2, . . . , βk−1, γ, βk+1, . . . , βm)
such that αi 6= βi for all i, have the same kth coordinate then f(b) and f(a) have the
same jth coordinate. This will show the existence of isometries fi : Mk → Nj and
complete the proof of reducibility after post composing by the reindexing isometry
3pi :
∏m
i=1Ni →
∏m
i=1Ni where pi(Nj) = Nk. Consider the points
a0 = a = (α1, α2, . . . , αk−1, γ, αk+1, . . . , αm)
a1 = (β1, α2, . . . , αk−1, γ, αk+1, . . . , αm)
a2 = (β1, β2, α3, . . . , αk−1, γ, αk+1, . . . , αm)
...
ak−1 = (β1, β2, . . . , βk−1, γ, αk+1, . . . , αm)
ak = (β1, β2, . . . , βk−1, γ, βk+1, αk+2, . . . , αm)
...
am−2 = (β1, β2, . . . , βk−1, γ, βk+1, . . . , βm−1, αm)
am−1 = b = (β1, β2, . . . , βk−1, γ, βk+1, . . . , βm).
Notice that {ai, ai+1} is an i + 1-slice for i ∈ {0, 1, . . . , k − 2} and an i + 2 slice
for i ∈ {k − 1, . . . ,m − 2}. Since no pair {ai, ai+1} is a k-slice, the pair of points
{f(ai), f(ai+1)} is never a j-slice by the Main Lemma. Thus the jth coordinate of
f(ai) and f(ai+1) are identical for all i.
3 The Graph Qmr
In this section we define a metric graph, give examples of particularly nice iso-
metric embeddings of this graph in
∏m
i=1Mi, show that m = n for any isometry
f :
∏m
i=1Mi →
∏n
i=1Ni, and prove the Main Lemma.
Observe that if αi, βi ∈ Mi are connected by a unique geodesic of length r for
i = 1, . . . ,m then a = (α1, . . . , αm) and b = (β1, . . . , βm) are connected by a unique
geodesic in
∏
Mi. This fact that in certain directions within the product pairs of
points are joined by unique geodesics is the main motivation for the following graph.
Definition 3.1. A quadrilateral graph of dimension m with length r denoted Qmr ⊂∏m
i=1R is the metric graph whose vertices are of the form ±eri = (0, 0, . . . , 0,±2r, 0, . . . , 0)
(non-zero in ith coordinate) or (±r,±r, . . . ,±r). Connect two vertices by an edge of
length r if their distance is r in
∏m
i=1R.
The first two examples of this family of graphs (pictured in Figure 1) are a quadri-
lateral with subdivided sides and the one skeleton of Kepler’s Rhombic dodecahedron
[3].
Example 3.2. Let Mi be a uniquely geodesic metric space. An example of an iso-
metric embedding ι : Qmr →
∏m
i=1Mi is given by the following construction. Pick
a geodesic segment λi ⊂ Mi of length 4r. Let λi(0) = αi, λi(r) = θi λi(2r) = βi,
λi(3r) = ϕi and λi(4r) = ωi. Then let
ι(erk) = {(β1, β2, . . . , βk−1, ωk, βk+1, . . . , βm‖k ∈ {1, 2, . . . ,m}}
ι(−erk) = {(β1, β2, . . . , βk−1, αk, βk+1, . . . , βm‖k ∈ {1, 2, . . . ,m}}
and as a set ι(±r,±r, . . . ,±r) = {(pi1, . . . , pim)|pii ∈ {θi, ϕi}}
which defines the isometry on the set of vertices. One can check that appropriate
vertices are connected by unique geodesics of length r.
4 3 THE GRAPH QMR
(−1,−1,−1)
(0,0,−2)
(1,1,1)
(1,−1,−1)
(1,−1,1)
(2,0)
(1,1)
(1,−1)
(0,2)
(0,−2)
(−2,0)
(−1,1)
(−1,−1)
(0,−2,0)
(0,0,2)
(−1,−1,1)
(2,0,0)
(1,1,−1)(−1,1,−1)
(0,2,0)
(−2,0,0)
(−1,1,1)
Figure 1: Q31 ⊂
∏3
i=1R (left) and Q21 ⊂
∏2
i=1R (right)
This construction shows that isometric embeddings ι : Qmr →
∏m
i=1Mi are easy to
construct when the Mi are uniquely geodesic metric spaces. If the spaces Mi are only
path-connected locally uniquely geodesic metric spaces then in general an isometric
embedding ι : Qmr →
∏m
i=1Mi will not exist for large r. However for every a ∈
∏
Mi
there exists a metric ball B(a) such that B(a) is a product of uniquely geodesic
metric spaces. Thus for 4r <  an isometrically embedded Qmr can be constructed in
the same way.
Definition 3.3. Let ι : Qkr →
∏m
i=1Mi be an isometric embedding. If the image
of every edge is a uniquely geodesic segment in
∏
Mi then call ι : Qkr →
∏m
i=1Mi
admissible.
If ι : Qkr →
∏m
i=1Mi is admissible and f :
∏m
i=1Mi →
∏n
i=1Ni is an isometry then
f ◦ ι : Qkr →
∏n
i=1Ni is admissible. This is clear from definitions.
Definition 3.4. Let ι : Qkr →
∏m
i=1Mi be admissible. The map ι is standard if for
all j there exists an l such that {ι(erj), ι(−erj)} is an l−slice.
The proof of the Main Lemma requires a result establishing the fact that every
admissible isometric embedding ι : Qmr →
∏m
i=1Mi is standard. The following discus-
sion works toward establishing this fact. First some results concerning the behavior
of points in the image of an admissible ι : Qmr →
∏m
i=1Mi are required.
Property 1. For any vertex xj ∈ Qmr of the form {±er1, . . . ,±erm} and any pair of
points {eri ,−eri} with xj 6∈ {eri ,−eri} there exists a geodesic segment Λ ⊂ Qmr with
endpoints {eri ,−eri} such that xj ∈ Λ.
5Constructing such a piecewise uniquely geodesic path in Qmr is straightforward.
Note that there are precisely 22m−4 paths connecting pairs of endpoints {eri ,−eri} so
Λ is unique only when m = 2.
Property 2. Assume that Mi is a uniquely geodesic metric space. Let p and q
be points in
∏m
i=1Mi and Λ a geodesic with endpoints {p, q}. Let dMi(pi, qi) be the
distance between the ith coordinates of p and q. Note that dMi(pi, qi) = d(p, q) if
and only if the ith coordinate path of Λ (denoted λi) is a geodesic of length d(p, q).
Moreover for any point z ∈ Λ the ith coordinate of z is uniquely determined by d(p, z)
(since λi is the only geodesic connecting its endpoints in Mi).
Property 2 follows directly from the definition of a geodesic and will allow us to
characterize the possible admissible ι : Qmr →
∏m
i=1Mi when Mi is uniquely geodesic.
Lemma 3.5. Assume that Mi is a uniquely geodesic metric space and let ι : Qkr →∏m
i=1Mi be admissible. Let
ι(erj) = (α1, . . . , αm)
ι(−erj) = (β1, . . . , βm)
ι(ert ) = (γ1, . . . , γm)
ι(−ert ) = (κ1, . . . , κm)
.
If d(ι(ert ), ι(−ert )) = dMl(γl, κl) = 4r then αl = βl.
Proof. By property 1 there exists geodesics Λ,Λ′ ⊂ ι(Qkr) such that the endpoints of
Λ and Λ′ are ι(±ert ) with ι(erj) ∈ Λ and ι(−erj) ⊂ Λ′. By property 2 and the fact that
d(ι(ert ), ι(e
r
j)) = d(ι(e
r
t ), ι(−erj)) = 2r we see that αl = βl.
For an admissible ι : Qkr →
∏m
i=1Mi associate a number
qj = |{l ∈ {1, . . . ,m}|d(ι(erj), ι(−erj)) = dMl(αl, βl)}|
to each pair ι(±erj). Clearly qj ≥ 1 for all j. If follows immediately from Lemma 3.5
that two pairs {ι(erj), ι(−erj)} and {ι(ert ), ι(−ert )} cannot attain the distance 4r in the
same coordinate. These two observations imply qj = 1 for all j when k = m.
Lemma 3.6. Let Mi and Ni be path-connected locally uniquely geodesic metric spaces
and f :
∏m
i=1Mi →
∏n
i=1Ni be an isometry. Then m = n.
Proof. (Of lemma 3.6) By invariance of an admissible ι(Qkr) under isometry it follows
that the largest k such that there exists an admissible ι : Qkr →
∏m
i=1Mi is an isometry
invariant. Let this number be denoted by L(
∏m
i=1Mi). There exists a ball B(a, 4r)
around any point a ∈ ∏mi=1Mi such that B(a, 4r) is a product of uniquely geodesic
metric spaces. An admissible Qmr can be constructed in B(a, 4r) by Example 3.2
which shows L(
∏m
i=1Mi) ≥ m. Since the number qj ≥ 1 for all pairs {ι(erj), ι(−erj)}
in any admissible ι : Qkr →
∏m
i=1Mi and
∑m
j=1 qj ≤ m it is obvious that for k > m no
such ι can exist and thus L(
∏m
i=1Mi) ≤ m.
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Lemma 3.7. Let Mi be a uniquely geodesic metric space and ι : Qmr →
∏m
i=1Mi
admissible. Then ι : Qmr →
∏m
i=1Mi is standard.
Proof. (Of Lemma 3.7) Using the above fact that qj = 1 for all j and Lemma 3.5 the
collection of pairs (∪j−1i=1{ι(eri ), ι(−eri )}) ∪ (∪ni=j+1{ι(eri ), ι(−eri )})
forces the distance between coordinates of {ι(erj), ι(−erj)} to be either 4r or 0, thus
making {ι(erj), ι(−erj)} a l-slice for some l.
We now restate and prove the Main Lemma.
Main Lemma. Suppose that Mi and Ni are path-connected locally uniquely geodesic
metric spaces and f :
∏m
i=1Mi →
∏n
i=1Ni an isometry. If Ω ⊂
∏m
i=1Mi is a k-slice
then f(Ω) is a j-slice. Moreover Ω and Ω′ are both k-slices if and only if f(Ω) and
f(Ω′) are both j-slices.
Proof. By lemma 3.6 m = n. Three things must be shown.
Step 1 (Part A) Given three distinct points a, b, c such that {a, b} is a j-slice, {b, c} is
a k-slice, and {a, c} is an i-slice then i = j = k.
(Part B) Given 4 distinct points a, b, c, d such that {a, b}, {b, c}, {c, d}, and
{a, d} are i, j, k, and l-slices respectively then either i = j = k = l or i = k and
j = l.
Step 2 If Ω is a k-slice then f(Ω) is a j-slice.
Step 3 If Ω and Ω′ are k-slices then f(Ω) and f(Ω′) are j-slices.
(Proof of Step 1 Part A) By definition of a k-slice if i = j then i = j = k. Suppose
i 6= j then a and c differ in the ith and jth coordinate. But {a, c} is a k-slice which is
a contradiction.
(Proof of Step 1 Part B) Observe that since {a, b} is a i-slice and {b, c} is a j-slice
the points a and c differ in the ith and jth coordinates. Similarly they differ in the lth
and kth coordinate. Thus {i, j} = {k, l}. If i = l then i = j = k = l otherwise i = k
and j = l.
(Proof of Step 2) Any k-slice Ω is contained in a k−slice of the form
Φ = α1 × . . . αk−1 ×Mk × αk+1 · · · × αm
for αi ∈Mi so it suffices to show the result for Φ. Let η ∈Mk be an arbitrary point.
Let δs and ¯η be the uniquely geodesic constants for αs ∈Ms and η ∈Mk respectively.
Define
Wη =
(
k−1∏
s=1
B(αs, η)
)
×B(ηt, η)×
(
m∏
s=k+1
B(αs, η)
)
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where η = min{¯η, δ1, . . . , δm}. Let Ψ = Wη ∩Φ. For any three points x1, x2, x3 ∈ Ψ
construct three isometrically embedded graphs ιi : Qmr → Wη with r = 14d(xi, xi+1),
ιi(e
r
1) = xi, and ιi(−er1) = xi+1 for i ∈ {1, 2, 3} via Example 3.2 (note that x4 = x1).
Since Wη is a product of uniquely geodesic metric spaces we can apply lemma 3.7 to
f ◦ ιi to see that {f(x1), f(x2), f(x3)} satisfy the hypothesis of Step 1 part A. Thus
{f(x1), f(x2), f(x3)} is a j-slice and since xi were arbitrary f(Ψ) is a j-slice. If Ψ′
is a defined about a point η′ ∈ Mk sufficiently close to η then f(Ψ) ∩ f(Ψ′) consists
of more than two points and the set f(Ψ) ∪ f(Ψ′) is a j-slice. This implies f(Φ) is a
j − slice since Mk has a single path component.
(Proof of Step 3) Note that
Ω ⊂ α1 × · · · × αk−1 ×Mk × αk+1 × · · · × αm = Φ
and
Ω′ ⊂ β1 × · · · × βk−1 ×Mk × βk+1 × · · · × βm = Φ′
for some Mk and hence it suffices to show the result for Φ,Φ
′. We can also assume
that αi = βi for all i 6= 1 since we can change one coordinate at a time to interpolate
between Φ and Φ′. Now there clearly exist distinct points w1, w2 ∈ Φ and w′1, w′2 ∈ Φ′
such that {w1, w′1} and {w2, w′2} are 1-slices. By step 2 f(w1), f(w′1), f(w2), f(w′2)
satisfy the hypothesis of Step 1 part B. If {f(w1), f(w′1), f(w2), f(w′2)} was a j-slice
then by step 2 after applying the inverse isometry {w1, w2, w1,′w′2} would be a k-slice
or a 1-slice which is a contradiction.
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